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P, are 2.0, 4-0, and 0-0. In pyrite, the distorted octa-
hedral field may be expected to favor the population of
the a, orbital over the e, orbitals since the S—Fe—S
angle of 94-3° is greater than 90° for S atoms related
by the threefold axis, thus increasing the mean distance
between the ligands and electrons in the a, orbital. This
effect is indeed found to be significant. Both refinements
(I) and (III) show considerable distortion from a
spherical charge distribution towards the low-spin
configuration with preference for population of the a,
orbital. The refined values of { 3-79-3-93 a.u.”!,
correspond to a slightly contracted 3d shell compared
with the optimized single Slater exponent of 3-73 a.u.™!
calculated for an isolated iren atom by Clementi &
Raimondi (1963).

The experimental deformation density about iron is
plotted in Fig. 1 along with a plot of the model density
corresponding to the parameters obtained from refine-
ment (III). Both maps have been calculated including
X-ray measurements with / > 3o0(/) and include the
smearing due to thermal motion of the atoms.

Rees & Mitschler (1976) have estimated the relative
occupancies of the ¢,, and e, orbitals in the octahedral
complex Cr(CO), from the observed differences in the
experimental density along the octahedral threefold and
fourfold axes. Iwata (1977) has refined the populations
of the a,, e, and e, orbitals using X-ray data from two
compounds containing the nearly octahedral com-
plexes, [Co(NH;)s] and [Co(NH,);/[Co(CN)]. Her
refinements, however, included only a portion of the X-
ray data with all other parameters including the radial
dependence of the density functions fixed.

Conclusion

With the expressions described here, orbital occupan-
cies and estimated standard deviations can readily be
obtained using existing aspherical refinement programs.
Following the same approach, similar expressions can
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be derived from other site symmetries. This method can
be expected to be useful as long as the effects of the
crystal environment about the metal atom are primarily
electrostatic and the covalent interactions are minor. A
further limitation is imposed by the restricted form of
the radial functions used in the analysis.

Support of this work by the National Science
Foundation and by the donors of the Petroleum
Research Fund administered by the American
Chemical Society is gratefully acknowledged.
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Abstract

Three crystal structures are discussed in order to
emphasize the difference between statistical and
chemical or physical grounds of the different models
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used to represent crystal structure. The constrained
models give an evident improvement over the uncon-
strained models for disordered crystal structures; they
can also explain anomalies resulting at the end of the
conventional refinement.
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Introduction

In the present study a specific analysis of three crystal
structures is made, utilizing models which impose
particular relationships between the atomic param-
eters. The purpose of this investigation is to re-examine
the unconstrained model in such a way as to stress the
differences between the various models used to describe
crystal structure, in the comparison between statistical
grounds and chemical or physical grounds. In fact,
there are cases in which the unconstrained model, even
if more significant from the statistical point of view, is
chemically or physically equivalent to the constrained
model (see for example Bianchi, Destro & Simonetta,
1979).

For this work we have selected three structures,
whose data were collected at low temperature, which
present at the end of the conventional refinement three
different problems. For each structure, a description of
the problem is given together with all tests on various
constrained models.

DIF

The structure of 11,11-difluoro-1,6-methanol10]-
annulene (DIF) was determined at room temperature
(Gramaccioli & Simonetta, 1971) and at 173 K (Pilati
& Simonetta, 1976).

Crystal data at 173 K were @ = 9-111(1), b =
13-203 (2), ¢ = 6-981 (1) A, Z = 4; orthorhombic,
space group Pna2,.

The molecular geometry obtained by analysis of
room-temperature data shows an unexpected distortion
from free-state molecular symmetry. The molecular
model derived from X-ray data collected at low
temperature is near to C, symmetry: all the differences
from C, symmetry are within three times the standard
deviation, except for the angles C(6)—C(11)—F(1),
114.0 (2)° and the C, symmetry related C(1)—C(11)—
F(2), 113-0 (2)°; the discrepancy from mm2 symmetry
is more marked. On the basis of these considerations
four constrained refinements were carried out for 873
reflections with F2 > 20(F?). The results for the models
tried are reported in Tables 1 and 2.

The fluorine and hydrogen atoms were excluded
from TLS constraint in models (I), (II) and (III).

As a test for significance we use that proposed by
Hamilton (1965). The ratio

A DISCUSSION ON CONSTRAINED REFINEMENTS

R I 1/2

'?obs = [_Rﬁ}
w1
is calculated and compared with the statistical distri-
bution of .#. The percentage points of the .7
distribution are calculated for the degrees of freedom
appropriate to our problem by the method of Pawley
(1970).

The program used for constrained refinements was
recently written by Bianchi, Pilati & Simonetta (1978).

Examining the value of %, for the compared
models (I)/(V) (see Table 2), we deduce that model (I)
is strongly rejected by Hamilton’s test. Indeed, the
difference Fourier map of model (I) has residuals of
electron density of around 0-30 e A~3 in the zone of the
fluorine atoms; while in that of the unconstrained model
they are about 0-10 e A~2. The shortest intermolecular
distances are similar in both models but with a little
shortening for model (I), for example the contact
F(2)---H(4) is 2-541 and 2:498 A for unconstrained
and constrained models respectively.

As regards the other models (II), (III) and (IV), we
deduce again a statistical worsening of the agreement
between observed and calculated structure factors (see
Table 2); this seems to indicate that the constraints are
not supported by the data. However, it is to be under-
lined that the difference Fourier maps, the geometries
and the shortest intermolecular contacts, obtained from
models (II), (III) and (IV) are equivalent (within the
experimental uncertainties) to those derived from model
(V). Therefore we conclude that the constrained models

Table 1. Agreement factors of least-squares refinements

Sor DIF
Model Constraints R%* R, %t
[0)) mm?2 molecular symmetry + TLS 4.93 4.87
1n 2 molecular symmetry + TLS 4.57 4.37
(1D TLS 4.32 4.10
(Iv) 2 molecular symmetry 4.29 4.02
V) unconstrained 4.02 3.73

*R=23|IF,) — IFJ|/2IF,.
R, = | S w(IF,| — F)Y X w(F )% w = 1/oX(F,).

Table 2. Percentage points of the # distribution for
comparing the DIF models

N, and N, are the number of parameters used in the constrained
and unconstrained models respectively. The number of obser-
vations is 873 in all cases.

Probability levels of
Models .# distribution
compared .2 s N, Nype  0-25 0-01  0-001
/) 1-142 61 149 1.065 1-083 1-092
I/ (V) 1-083 75 149 1.055 1.072 1-080
(ID/(V) 1.048 103 149 1.036 1.049 1.056
avy/ (v) 1-038 121 149 1.022 1.033 1.039
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(IT), (III) and (IV) have chemical or physical grounds
comparable with those of model (V) to describe the
crystal structure of DIF; even if the unconstrained
model is preferred at 99% significance level.

DINO

The crystal structure of sym-dibenzo-1,5-cycloocta-
diene-3,7-diyne (DINO) was determined at 290, 218
and 113 K (Destro, Pilati & Simonetta, 1977). The
crystal data at 113 K were a = 6-0388 (12), b =
11-8041 (18), ¢ = 13-9163 (24) A, Z = 4; monoclinic,
space group P2,/n.

At 113 K the structural parameters determined by
the conventional refinement define a molecular sym-
metry near to mm2. However, the parameter dif-
ferences between the mm2 case and the situation as
obtained from the usual refinement are up to three
times the standard deviation.

The errors in the electron-density residues, derived
from estimated ¢’s of the observed data (Cruickshank,
1949) is 0-04 e A-3. Furthermore, the difference
Fourier map reveals an interesting feature in the planes
of the benzene rings and particularly in the region close
to the triple bonds. In fact, the distribution of electron
density around the triple bonds is asymmetric with a
slight accumulation of charge inside the central eight-
membered ring, and along the triple bonds there are
holes of electron density (see Fig. la and b). This
characteristic was also found by Irngartinger,
Leiserowitz & Schmidt (1970) in the room-temperature
averaged electron density distribution of a molecule
which consists of a three identical —C,H,—C=C—
subunits, 1:2,5:6,9:10-tribenzocyclododeca-1,5,9-
triene-3,7,11-triyne. These authors assert that the above
mentioned effects are due to ‘errors inherent in the
determination of atomic thermal parameters from
room-temperature X-ray data up to the usual sin 6/
limit of 0-66 A~". On the other hand, this inter-
pretation is not convincing since the deep negative
residues are also found in the low-temperature dif-
ference map (Destro, Pilati & Simonetta, 1977).

In order to obtain an explanation, four constrained
refinements were carried out with 2138 reflections
collected at 113 K. The results are reported in Tables 3
and 4. The values of .7, in Table 4 indicate that the
unconstrained model (V) is statistically preferred, while
the comparison between the constrained models shows
that the model with TLS constraint is the most
probable. Moreover, in the difference density map
derived from TLS constraint, the holes of electron
density along the triple bonds have disappeared (see
Fig. 1c and d) and in the middle of the triple bonds the
residual values are about 0-04 ¢ A3, as is expected.
This proves the chemical improvement of model (III)
with respect to model (V).

541
BDP

The crystal structure of bicyclo[5.4.1]dodeca-
pentaenylium hexafluorophosphate (BDP) was deter-
mined at 110 K (Destro, Pilati & Simonetta, 1976).
Crystal data were a = 15-478 (4), b = 6-821 (2), c =
11-373 (3) A, Z = 4; orthorhombic, space group Pcam.

In this case the cation is disordered so that the
observed electron density is a 1:1 superposition of two
annulene systems with their seven- and eight-membered
rings interchanged.

The full-matrix least-squares refinement, using aniso-
tropic temperature factors for P and F atoms, and
isotropic temperature factors for the cation atoms, led
to R = 0-076 and R,, = 0-072, goodness of fit 1-96 for
85 independent parameters and 2278 observed
reflections.

The final difference density map has peaks slightly
greater than 0-70 e A=3 in the proximity of the cation.
Sections of the AF syntheses through the annulene
system are represented in Fig. 2(a).

(© @)

Fig. 1. (a) Section of the 4F syntheses for DINO derived from
model (V) showing residual electron density on the plane through
the triple bonds. Contour levels at intervals of 0-05 ¢ A—3; solid
lines positive, dashed lines negative, zero contours omitted. (b)
Difference-density section perpendicular to the triple bonds at
their centres. Contours as in (a). The centres of the triple bonds
are represented by the shaded circles. (¢) As in (a) for model
(III). (d) As in (b) for model III.
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Table 3. Agreement factors of least-squares refinements

Jor DINO
Model Constraints R% R, %
[4)] mm?2 molecular symmetry + TLS 5-56 6-11
an 2 molecular symmetry + TLS 5-26 5.75
(11I) TLS 4.96 5-39
(Iv) 2 molecular symmetry 4.81 5.23
) unconstrained 4.56 4.63

Table 4. Percentage points of the .# distribution for
comparing the DINO models

N, and N, are the number of parameters used in the constrained

and unconstrained models respectively. The number of observations

is 2138 in all cases.

Probability levels of

Models . # distribution
compared . # N, Nyne 0-25 0-01 0-001
IM/1) 1-031 51 70 1-005 1-009 1.011
(/1) 1-065 51 102 1014 1019 1.022
{/(1v) 1-081 51 146 1.026 1-032 1-036
M/(v) 1-149 51 178 1-035 1-042 1-046
(I1)/(111) 1-033 70 102 1-009 1-013 1.015
(In/av) 1-049 70 146 1-021 1-027 1-030
(ID/(v) 1-114 70 178 1.030 1-037 1-040
(In/(1v)  1.015 102 146 1-012 1-017 1-020
(1In/(v) 1-079 102 178 1.021 1-027 1-030
avy/(v) 1-063 146 178 1-009 1-014 1-016

Another refinement, using anisotropic temperature
factors for P, F and C atoms, and isotropic B’s for H
atoms, gave lower R and R, factors, but the cation
geometry was unrealistic and the correlation
coefficients between the structural parameters were
very high (up to 0-71).

To obtain a more significant fit of the data, a
constrained refinement was carried out assuming (i)
4/mmm molecular symmetry and TLS constraints for
the anion PFg, (ii) m molecular symmetry and TLS
constraints for the disordered cation. The resulting R
and R, based on 70 independent parameters were
respectively 0-066 and 0-060; the goodness of fit was
1-62. The final difference map has a maximum residual
of 0-56 e A~? in the cation vicinity (see Fig. 2b).

Conclusions

From the three discussed examples, we deduce that the
use of various kinds of constraints on structural param-
eters, apart from the evident improvement in the case of
disordered structures (here BDP), can be useful in
interpreting anomalies resulting at the end of the
conventional refinement. (In the case of DINO it
explains the troughs along the triple bonds.) The view

A DISCUSSION ON CONSTRAINED REFINEMENTS

seems to be that even when a constrained refinement
should be rejected on statistical grounds, it may well be
acceptable on chemical or physical grounds. It then
follows that if the constraint is chemically or physically
acceptable, the other parameters in the refinement will
take on more meaningful values, giving rise to improve-
ments such as in Fig. 1.

It is also interesting to compare the level of signifi-
cance of the distortion found here for DIF and DINO
with that found in other molecular structures. Pawley
(1971) has suggested that

Vz_‘&"s__l_
#0-01)—1

be calculated and used as a comparison between the
results of similar constrained refinements on different

(a)

®)

Fig. 2. Sections of the 4F syntheses for BDP. Contour levels at
intervals of 0-2 ¢ A~3; solid lines positive, dashed lines negative;
the first positive level is 0-10 e A3, (a) Unconstrained model; the
five sections are separated by chain-dottea lines and defined by
the planes through atoms C(2), C(3), C(4), C(5); C(1), C(2),
C(5), C(6); C(1), C(6), C(T7), C(11); C(7), C(8), C(10), C(11);
C(8), C(9), C(10). (b) As in (a) for the constrained model.
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structures. For this comparison we have reported in
Table 5 the . values of several structures. We note
that the level of distortion of DIF is greater only than
naphthalene; while that of DINO is near to anthracene
and pyrene.

Table 5. Comparison of the level of significance of the
distortion among different structures

Structure 2 s .#(0-01) b

DIF 1-142 1-083 1.7
DINO 1-149 1-042 3.5
S, 1-154 1-015 10.3
Anthracene 1.092 1.023 4.0
Naphthalene 1.079 1-062 1.3
Pyrene 1.184 1-047 3.9
Ovalene 1-141 1-021 6-7
1,2,3-trichlorobenzene 1.070 1-038 1.8
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Abstract

It is shown that the real part of the root of the
dispersion equation for the permitted modes of pro-
pagation is always positive for two-beam Laue and
Bragg reflections at the exact diffraction position.
Based on this, a general rule is proposed to determine
the number, N, of permitted modes of propagation for
N-beam dynamical diffraction, where no extremely
asymmetric reflections are involved. In other words, for
both o- and 7m-polarized wavefields,

N,=2(N— N,
where N,

ragg 1S the number of Bragg reflections
involved. This conclusion is supported by calculations
for three-, four-, six- and eight-beam cases.

I'BBB)’

I. Introduction

In the dynamical theory of diffraction, the dispersion
surfaces, amplitude ratios of wavefields and absorption
coefficients are determined from the equation of

0567-7394/79/040543-05$01.00

dispersion. Each dispersion surface specifies a type of
wave propagating through a crystal, the so-called mode
of propagation. The wavefield and absorption
coefficient are associated with their corresponding
mode of propagation. The number of modes equals the
number of existing wavefields. Other quantities such as
the excitation of mode and diffracted intensities are
obtained by combining the number of wavefields with
the appropriate boundary conditions. Therefore, it is
necessary to take the number of wavefields, namely, the
number of permitted modes into account in dynamical
calculations and only then comparison of the cal-
culations with experiments can be made.

It has been well established that there are four
permitted modes of propagation for two-beam (Laue)
transmission of X-rays if both 6- and n-polarized wave-
fields are considered. However, according to Kohler
(1933) and Authier (1962), there are only two modes
allowed in two-beam symmetric Bragg reflection for a
thick crystal, i.e. ut > 10, where u4 and ¢ are the linear
absorption coefficient and the crystal thickness, respec-
tively. These two modes, which have the direction of
energy flow towards the crystal, are associated with

© 1979 International Union of Crystallography



